Let G 1 n,p be a superposition of the random graph G n,p and a one-dimensional lattice: the n vertices are set to be on a ring with fixed edges between the consecutive vertices, and with random independent edges given with probability p between any pair of vertices. Bootstrap percolation on a random graph is a process of spread of "activation" on a given realisation of the graph with a given number of initially active nodes. At each step those vertices which have not been active but have at least r ≥ 2 active neighbours become active as well. We study the size of the final active set in the limit when n → ∞. The parameters of the model are n, the size A 0 = A 0 (n) of the initially active set and the probability p = p(n) of the edges in the graph.
Introduction
Bootstrap percolation was introduced on a lattice by Chalupa, Leath and Reich [6] to model some magnetic systems. Also, models of neuronal activity have very similar basic features. (Use of percolation models in neuronal sciences was predicted already by Harris [7] .) Bootstrap percolation is defined as a process of spread of activation or infection on a graph 1 n,p with the threshold r = 2 and p = p(n). We assume, that an initial set A(0) consists of a given number A 0 = A 0 (n) ≥ 2 of vertices chosen uniformly at random from the set {1, . . . , n}. We study here the process with the threshold r = 2 for simplicity and clarity. The results can be extended to general r by introducing some heavier notations.
Typically, a bootstrap percolation process exhibits a threshold phenomenon: either o(n) number of vertices become active, or, on the contrary, n − o(n) vertices become active.
The main question here is how the superposition of different structures affects the phase transition. In particular, is it possible to get a complete percolation combining two subcritical systems? In the case of an ordinary percolation model, a superposition of two subcritical graphs (one being a grid with randomly removed edges, bond percolation, and another one being an Erdős-Rényi random graph, each of which has the largest connected component of order at most log n) may have a component of order n [16] . In this case superposition of the graphs produces new critical values on a phase diagram (see [16] ). We shall see here that the bootstrap percolation process exhibits different properties (at least in dimension 1).
Results
Let us recall some notations and results from [11] which we need here.
Notations
Let 1 ≤ i < j ≤ n, the distance between the vertices i and j is defined as d(i, j) = min {j − i, n + i − j} .
The distance of a vertex u to a set S is defined as d(v, S) = inf {d(u, v), v ∈ S} .
We denote ∂ 1 S the outer boundary of a vertex set S in the cycle R n .
We use the notation f (n) = Θ (g(n)) as c 1 g(n) ≤ f (n) ≤ c 2 g(n) for c 1 , c 2 > 0 and as n → ∞. We use O p and o p in the standard sense (see e.g., [9] ) and we use w.h.p. (with high probability) for events with probability tending to 1 as n → ∞. Note that, for example, '= o(1) w.h.p.' is equivalent to '= o p (1)' and to ' p −→ 0'. We use the notations O L k and o L k in the same setting as in [9] . Let a n be some sequence of real numbers, X n = O L k (a n ) ⇔ E (X n ) k = O (a n ) k . In particular X n = O L 2 (a n ) ⇒ X n = O L 1 (a n ) ⇒ X n = O p (a n ).
All unspecified limits are as n → ∞. For given n and p define a c := 1 2 t c = 1 2 1 np 2 .
The term a c is the first order term of the critical threshold a * c (n, p) for bootstrap percolation on the random graph G n,p . The term a * c (n, p) is defined in [11] We recall in the following section the technique developed in [11] to explore the set of active vertices. One of the key point is to prove that the process of activation can have more than (1 + ǫ)t c active vertices, for some ǫ > 0. It is shown in [11] that w.h.p. the process either stops before activating (1 + ǫ)t c vertices or almost percolates. Therefore, we often refer to t c as the "bottleneck".
Let here A * 0 denote the final set of vertices activated due to a bootstrap percolation on a random graph G n,p starting with A 0 active vertices, i.e., we do not take into account the local edges from the ring R n . It is clear that there is a coupling of these two models (with and without the short edges) such that
Results
Note that in [11] the bootstrap percolation on a random graph G n,p was studied for a general case r ≥ 2. The following theorem (which is a particular case when r = 2 of the theorem proved in [11] ) describes the phase transitions in the value |A * 0 | depending on the initial condition A 0 . Let b c = npne −pn , b c is the expected number of vertices of degree 1 in G n,p .
Theorem (Theorem 3.1 [11] , case r = 2).
| be the total number of vertices activated due to a bootstrap percolation on a random graph G n,p starting with A 0 active vertices.
; in other words, we have w.h.p. almost percolation.
Due to the observation (2.1), if the initial set A 0 percolates on G n,p , then the same set percolates on G 1 n,p which contains G n,p . Therefore, we are interested here in the initial conditions A 0 which do not yield a percolation on G n,p , i.e., when α ≤ 1 in the above theorem. The following theorem tells us that adding to graph G n,p the edges between the nearest neighbours (in dimension one) does not change much the subcritical regime, at least when p ≥ log n n . Theorem 2.1. Suppose that n −1 ≪ p ≪ n −1/2 . Let A * = |A * | be the total number of vertices activated due to a bootstrap percolation on a random graph G 1 n,p starting with A 0 active vertices.
and A 0 /a c → α < 1, then
Remark 2.1. The condition p ≫ log n n log(pn) in the Theorem 2.1 is satisfied, e.g., if p ≥ log n n . Theorem 2.1 does not describe the case
. (Notice that for p of order 1/n, addition of n edges changes the graph properties.) What follows from our proof is that the subcritical phase for very small p may have a large number of steps before the process stops. Also, it is exactly due to the fact that under the conditions of Theorem 2.1 the value pn is large enough to yield complete percolation (in the supercritical phase) when the short edges are included.
It turns out that it is the critical case, i.e., when α = 1, which is affected most by the presence of the local connections. First we recall the situation with G n,p .
Theorem (Theorem 3.6 [11] ). Suppose that n −1 ≪ p ≪ n −1/2 . Let A * 0 be the total number of vertices activated due to a bootstrap percolation (with threshold r = 2) on a random graph G n,p starting with A 0 active vertices.
In the following, we show that when p is small enough, including short edges into the model may lead to percolation even when there is no percolation in G n,p with the same parameters.
Theorem 2.2. Let A * be the total number of vertices activated due to a bootstrap percolation on a random graph G 1 n,p starting with A 0 active vertices.
or equivalently
2 part (i) describes the case when the addition of local edges even in dimension 1 changes the phase diagram. Indeed, condition (2.2) tells us that almost percolation can happen even when A 0 < a * c , if A 0 deviates from a * c by at most (1 − ε)2pt
does not occur on the edges of G n,p only but will occur on G 1 n,p . Part (ii) tells us that the critical window does not change for "large" p, i.e., when n −2/3 ≪ p ≪ n −1/2 . (Observe that it does not lead to a contradiction, since a c = a c (p) changes accordingly.)
The condition n −2/3 ≪ p in (ii) is needed such that the contribution of the short edges is negligible. That behaviour can be explained by the fact that the critical parameter a * c (n, p) for bootstrap percolation on G n,p decreases as p(n) increases. Therefore, for large p, the set of active vertices is very sparse. The activation using the short edges is restricted to the nearest (direct) neighbours of A. There are less than 2|A| vertices that can potentially become activated by mixed or short activation which is too few.
Finally, we indicate the critical probability for transition from almost percolation (A * = n − o p (n)) to complete percolation (w.h.p. A * = n). Notice that the subgraph G n,p does not need to be connected to have complete percolation on G 1 n,p . Theorem 2.3. Suppose that the process is supercritical (i.e.
log n = − log c then lim n→∞ P{A * = n} = e −c 2 .
Discussion on higher dimensions
We show that adding the structure of the one-dimensional grid makes the phase transition even sharper by decreasing the critical window. The challenge remains to study a bootstrap percolation process on G 2 with n = N 2 vertices and all edges between these vertices inherited from the two-dimensional lattice. Assume also that with a probability p there is an edge between any pair of vertices, independent for different pairs. Denote the corresponding graph G 2 n,p . Assume that with probability q = q(n) each vertex is set initially to be active independently of the rest and consider a bootstrap percolation with threshold r = 2 as in [8] . It is known (Holroyd [8] ) that a complete percolation on torus T with local edges only, will happen with probability at least 1/2 if q(n)/q c (n, 2, 2) > 1, where
Otherwise, if q(n)/q c (n, 2, 2) < 1, the complete percolation will not occur with probability at least 1/2. Consider now a bootstrap percolation process on G 2 n,p with
initially active vertices, and with
Let 0 < α < 1, and therefore
Using results [8] one concludes that on the subgraph T = [1, . . . , N] 2 of G 2 n,p induced by the local connections only, a complete percolation will not occur with probability tending to 1 as n → ∞ (or equivalently as N → ∞). Also, by the Theorem 3.1 [11] (see above) on the subgraph of G n,p of G 2 n,p bootstrap percolation process with a high probability ends with only
active vertices. Hence, neither short edges nor random edges alone may yield with a high probability a complete percolation on G 2 n,p with the given parameters. However, one can choose 0 < α < 1 so that
Then starting with A * 0 vertices one can argue using again results [8] that a complete percolation will happen with a high probability on the graph G 2 n,p . This confirms that a superposition of two subcritical systems can lead to almost percolation.
A complete analysis of this problem should be the subject of a separate work.
Proofs

Useful reformulation
We shall distinguish the following three types of activation of a vertex depending on the type of connections which caused this activation: the long range activation, the short range activation and the mixed activation. The long range activation uses only random edges, we also call it "G n,p activation". The short range activation uses only local edges: if the vertices i − 1 and i + 1 are active then the vertex i becomes active as well. We say that the activation of a vertex is mixed if it is caused by two edges of each type. See figure 1 . In order to analyse the bootstrap percolation process on G 1 n,p , we split the process of activation in two distinct phases depending on the type of activation.
First Exploration Phase.
Consider activation through the long (random) connections only. We say that the vertices are neighbours if there is at least one edge between them. For any subgraph G of G 1 n,p , we shall say that two vertices are G-neighbours if there is an edge from the subgraph G between them.
We follow the algorithm for revealing the activated vertices as described in [11] . First, we change the time scale: we consider at each time step the activations from one vertex only.
Given a set A 0 define A 1 (0) = A 0 . Choose u 1 ∈ A 1 (0) and give each of its neighbours a mark ; we then say that u 1 is used, and let Z 1 (1) := {u 1 } be the set of used vertices at time 1. We continue recursively: At time t > 1, choose a vertex u t ∈ A 1 (t − 1) \ Z 1 (t − 1). We give each neighbour of u t a new mark. Let ∆A 1 (t) be the set of inactive vertices with 2 marks; these now become active and we let A 1 (t) = A 1 (t − 1) ∪ ∆A 1 (t) be the set of active vertices at time t. We finally set Z 1 (t) = Z 1 (t − 1) ∪ {u t } = {u s : s ≤ t}, the set of used vertices. (We start with Z 1 (0) = ∅, and note that necessarily ∆A 1 (t) = ∅ for t < 2.)
The process stops when A 1 (t) \ Z 1 (t) = ∅, i.e., when all active vertices are used. We denote this time by T 1 ;
For v / ∈ Z 1 (i), let ξ u i ,v be the indicator that there is an edge between the vertices u i and v, Z 1 (i) ∈ Be(p). It is also the indicator function that v receives a mark at time i. Therefore, by independence of the random connections on G n,p , we find that the number of marks that a vertex receives is distributed as a binomial random variable. Denote M v (t), the number of marks of the vertex v ∈ V \ A(0) at time t.
where the last equality follows from the independence of the connections on G n,p . Let for t > 0
Observe that the vertices of set S 1 (t) (more precisely, the labels of those vertices) are distributed uniformly over the set {1, . . . , n} (drawing |S 1 (t)| points without replacement).
Using again the independence of the connections, we find that the random variable S 1 (t) := |S 1 (t)| is a sum of n − A 0 i.i.d Bernoulli random variables. Thus
where π 1 (t) is defined in equation (4.3),
Define now the set of active vertices at time t > 0 by
We call this phase an "exploration" phase as we explore the long range connections of the vertices. The total number of active vertices at the end of this phase is denoted |A 1 (T 1 )| = T 1 .
First Expansion Phase.
Now we take into account the structure of the local connections. Let us denote R n the corresponding subgraph (which forms a Hamiltonian cycle on V ). After the 1-st exploration phase we have a random set A 1 (T 1 ) of active vertices on R n . Hence, we may represent the set of inactive vertices as a collection of paths on R n . (A path on R n has a structure inherited from R n : the consecutive points are pairwise connected.)
During the "expansion" phase, the set of active vertices A 1 (T 1 ) may expand to its neighbours, or, in other words the paths of inactive vertices may become only shorter. More precisely, we define the expansion phase in 3 different steps.
1. Any vertex which has two active (i.e., belonging to the set A 1 (T 1 )) neighbours on R n becomes active. This means that all the paths of inactive vertices which consist of a single vertex become active.
After this step, we are left with the paths of inactive vertices which contain at least two vertices. Each of these vertices may have at most one mark assigned during the exploration phase.
2. Any vertex (in any inactive path of length at least two) which has a mark and which is either an endpoint or is connected to an endpoint only through vertices each of which also has a mark, becomes active.
3. After the second step there may be again paths of inactive vertices which contain a single vertex. Then step 1 is repeated, i.e., again any vertex which has two active neighbours on R n becomes active.
The third step completes the expansion phase. After the expansion phase, we may represent the set of inactive vertices as a collection of paths on R n each of which has the following properties:
(i) any path has at least two vertices, (ii) the endpoints do not bare a mark but all the other vertices of the intervals may have at most one mark (assigned during the exploration phase).
Let us denote D 1 the set of vertices activated during the 1-st expansion phase. At the end of the first expansion phase, we have T 1 + |D 1 | active vertices: T 1 of them have been used and the set D 1 is still unused.
Alternating the phases.
Having completed the 1st expansion phase, we shall alternate exploration and expansion phases. We shall denote A k (T k ) and D k the sets of vertices acquired in the k-th exploration and expansion phases, correspondingly, k ≥ 1. Notice that the sets A k (T k ) and D k are disjoint.
We assume that after the k-th exploration phase we have used all vertices in
, which is the set of all used vertices. Still we have the set D k (assuming D k is not empty) of active vertices to explore: the ones which were activated during the k-th expansion phase.
Given the sets A i (T i ), i ≤ k, and D k , let us define the k + 1-st exploration phase similar to the first one: we restart the process, setting again time t = 0, but now on vertices V \ A k , among which the set of initially active vertices is
This set plays the same role as A 1 (0) in the description of the first exploration phase. Notice also that
We explore the vertices (i.e., assign marks to their G n,p -neighbours) of D k one at a time, calling them again u 1 , u 2 , . . . . Observe, however, that some of the vertices may have one mark from set A k and this makes the difference with the first exploration phase. More precisely, we have two types of vertices: the vertices on the boundary of set A k ∪ D k which do not have any long-type edge to A k , and the rest of vertices (i.e., the ones in V \(A k ∪D k ∪∂ 1 (A k ∪D k )) which may have at most one long-type edge to the set A k (i.e., have a mark). Recall that
. Then the set of vertices activated during the first t steps of the k + 1-st exploration phase is
i.e.,
Let us define now
where ξ(k) and the binomial random variable are independent. Notice that
where π 1 (t) is defined by (4.4) . Then the distribution of S k+1 (t) := |S k+1 (t)| is
where the binomial variables are independent. Define also (as in (4.5)) for t > 0
which is the set of active vertices at the step t of the k + 1-st exploration phase. Then, assuming D k = ∅, the moment
is the first time when all the available active vertices are explored, i.e., we have found all the G n,p -neighbours of active vertices. This completes the k + 1-st exploration phase. The k + 1-st expansion phase is similar to the first one. Recall that after the k + 1-st exploration phase we may represent the set of all remaining inactive vertices as a collection of intervals on R n . Each of the vertices of these intervals may have at most one mark (assigned during any of the previous exploration phases). Then at the k + 1-st expansion phase any vertex which either has two active R n -neighbours, or it has a mark and it is connected to an endpoint with a mark through the vertices each of which has also a mark, becomes active. Finish the phase with step 3 by activating the vertices that have two active nearest neighbours on R n . We denote D k+1 the set of all vertices activated during this phase.
Let us now define the process of bootstrap percolation on G
The process of bootstrap percolation on G 1 n,p stops at time T which is
It follows then that
where 10) meaning that no vertex is activated during the k-th expansion phase. We shall denote
Notice that by (4.8) and (4.9) we have
Remark 4.1. By changing the time and considering the activation in different order, we do not change the limiting set A * of activated vertices which depends only on the initial set A.
The number of vertices activated in an expansion phase.
We begin with the first expansion phase, namely, we shall study the set D 1 .
Lemma 4.1. Let A 1 (T 1 ) be a set of vertices uniformly distributed on V = {1, . . . , n}, and assume that
Remark 4.2. Notice that the random variable T 1 = A * 0 is described by Theorems 3.1 [11] and 3.6 [11] cited above.
Proof of Lemma 4.1. For simplicity of the notations let us set here T 1 = k. Given a subset A 1 (T 1 ) = {i 1 , . . . , i k } (assume that i 1 < . . . < i k ) define sets (maybe empty)
These are the paths (i.e. consecutively connected vertices) on R n consisting of vertices which remain inactive after the 1-st exploration phase. Hence,
Define also
Assuming the uniform distribution of the set A 1 (T 1 ), we derive for all l such that l ≤ n − k
In particular, this yields
and
Recall that any vertex of any I j has one mark with probability defined by (4.6)
independent of the other vertices. For all l > 1 and j ≥ 1, given that |I j | = l, let M j (l) be the (random) number of vertices in I j which have a mark and which are either the endpoints of I j or they are connected in R n (i.e., through the short-type edges) to the endpoints of I j through vertices with marks. Observe that only in the case when M j (l) = l − 1, the remaining inactive vertex of the path I j has 2 active R n -neighbours and it will become active as well by the end of the expansion phase, by step 3 of the phase. This leads to the following representation of the number of vertices in the set D 1 :
(4.14)
Note that the distribution of M j (l) does not depend on j; we set M(l)
We shall also define a random variable M j (|I j |) which, conditionally on |I j | = l, has the same distribution as M j (l). In particular,
Now we can rewrite (4.14) as
where
Since p 1 = o(1), and l≥1 N l ≤ k, we derive from (4.17) with a help of (4.11):
Therefore, we have R = O L 1 (pk 2 ) and thus R = o p (pk 2 ). Consider now the main term in (4.16). Let
and let η i , i ≥ 1, be independent copies of the Bernoulli random variable η such that
as defined in (4.15). Then we have the following equality in distribution:
With the help of (4.18), we deduce that
It is straightforward to compute, taking into account (4.19) and (4.12) , that
The last bound under assumption k ≤ 2/(np 2 ) and p ≥ n −1 yields
This together with (4.16), (4.18) and (4.20) confirms that
Corollary 4.1. Let A 1 (T 1 ) be a set of vertices uniformly distributed on V = {1, . . . , n}.
Given that |A 1 (T 1 )| = k = Θ 1 np 2 , the following holds: → −∞, the system is subcritical and for any ǫ > 0, we have w.h.p.
For the remaining (the second and further on) expansion phases we will need only the upper bounds for the number of activated vertices in the subcritical case.
where β < 1, one has
Proof of Lemma 4.2. Assume we are given the sets A 1 (T 1 ), . . . , A k (T k ). Recall that after the k-th expansion phase, the set of remaining inactive vertices forms intervals on R n with the following properties: the end points of each interval do not have marks from the sets A 1 (T 1 ), . . . , A k−1 (T k − 1) but may have at most one mark from the set A k (T k ) and the rest of the points of the intervals may have at most one mark from the sets
is distributed uniformly on the remaining n − (T 1 + . . . + T k−1 ) vertices, and |A k (T k )| = T k . Hence, there are at most 2T k vertices on the boundary of
) and each of these may have at most one mark with a probability at most p 
The number of vertices activated in an exploration phase.
Let us fix k ≥ 1 arbitrarily. The k-th expansion phase leaves us with the set A k of T 1 +. . .+T k used active vertices and a set D k of unused active vertices. We shall consider here only the values
(Observe that if (4.22) does not hold then almost percolation happens even on the edges of G n,p only, see [11] ). Also, we shall assume that n −1 ≪ p ≪ n −2/3 , which by the Corollary 4.1 implies that |D 1 | is large w.h.p.
Consider now the k + 1-st exploration phase. By the definition (4.7) we have
we shall approximate the terms in (4.23) separately. Let us define two processes
Proposition 4.1. The processes
, t = 0, 1, . . . , are martingales.
Proof of Proposition 4.1. For the process S (1) (t) the proof is the same as for Lemma 7.2 in [11] . It is practically the same for the process S (k+1) (t) as well, which we explain now. Note that S (k+1) (t) is a sum of i.i.d. processes so that
where ξ v , ξ jv , v ≥ 1, j ≥ 1 are independent Bernoulli random variables, such that ξ v ∈ Be(p + ) with
and ξ jv ∈ Be(p). Then it is straightforward to check that
is a martingale, taking also into account that
is also a martingale.
We make use of the properties of martingales to get immediately the following bounds. 
For all t ≤ t 0 ≤ o(1/p), when in particular, π i (t) = o(1), the bounds from Corollary 4.2 yield the following approximation
n .
Combining this with (4.23) we obtain for all t ≤ t 0 ≤ o(1/p)
We begin with asymptotic of the number of activated vertices in the second exploration phase. As we will see, under the conditions of Theorem 2.2 (i), the system (almost) percolates during the second exploration phase. Therefore, we concentrate on this phase and prove Theorem 2.2 (i).
where for all
Proof of Lemma 4.3. From equation (4.25), we have
Notice that the probability π 1 (t) is independent of the random variable T 1 but that π 2 (t) depends on T 1 ,
Since the vertices of D 1 are connected to the boundary of A 1 , we have
When an entire interval of inactive vertices becomes active after the 1-st expansion phase, the boundary of the active set loses exactly 2 vertices if this interval has at least 2 vertices, otherwise, it looses 1 vertex. Hence, using again sets I i , i = 1, . . . , T 1 , defined in the proof of Lemma 4.1 , we get the following representation
Since
we derive
With the same argument as we derived Lemma 4.1, we get from here
Using also approximations
and (see (4.24) with k = 1)
we derive from (4.26) that
Under the assumption T 1 ≤ 3 np 2 = o(p) and using the approximation (4.27) with t = Θ(
This yields the statement of the Lemma.
Using the result of Lemma 4.3 consider now the function
We shall study the minimal value of g T 1 (t).
Critical case: proof of Theorem 2.2.
Let us recall one more result from [11] which describes the critical case of bootstrap percolation on G n,p .
Theorem (Theorem 3.8 [11] ). Suppose that n −1 ≪ p ≪ n −1/2 . Let A * 0 be the total number of vertices activated due to a bootstrap percolation (with threshold r = 2) on a random graph G n,p starting with A 0 active vertices.
0 is asymptotically normal with the following parameters
, where t * = t c + pt
Therefore, we have
c has a minimum at
with the value
Using again that t c = o
, we find that
). Therefore, we have
Finally, for the remaining term R T 1 (t 0 ) in (4.28) with t 0 = 3t c , we have
The error term is negligible if Lemma 4.4. Let n −1 ≪ p ≪ n −1/2 , and let k > 1 be fixed arbitrarily. Under assumption that T 1 , . . . , T k are given such that k l=1 T l < βt c for some β < 1 we have the following.
with probability at least
Proof of Lemma 4.4. First we derive from (4.25), taking into account (4.24) that for all
This together with (4.27) and (4.24) gives us for all
. Then by (4.35) and under the assumption
Now it is straightforward to compute (solving the quadratic equation) that (at least) for all
we have in (4.36)
Hence, choosing here t 0 = O(1) (we do not use (4.34) for t ≫ O(1)), will imply that A k+1 (t) < t for some 
Then we derive solving the quadratic equation, that (at least) for all
we have
and therefore by (4.40) with t 0 =
Hence, for some
where P k is a probability that t k+1 does not satisfy condition (4.41). The latter we can bound using the Chebyshev's inequality together with the assumption that
We conclude that the k + 1-st exploration phase will stop with probability at least 1 − P k at T k+1 ≤ t k+1 conditional on pT k k l=1 T l → ∞. This yields statement ?? of the Lemma and finishes the proof.
Consider now the relation (4.32). First we study a similar deterministic system, i.e., as if we ignore the random O L terms in (4.32).
Lemma 4.5. For given c > 0 and t 1 > 0 such that ct 1 < 1 define for k ≥ 1
(4.43)
Then for any 0 < α < 1 which satisfy
one has t k ≤ α k−1 t 1 , k ≥ 1, and, hence,
Proof of Lemma 4.5. Write here S k := k l=1 t l . We shall show first that under condition (4.44) one has cS k < α for all k ≥ 1.
Assume, on the contrary, that
By the definition (4.43)
Hence,
which under condition (4.44) yields cS L+1 < α and thus contradicts (4.45). Therefore cS k ≤ α for all k ≥ 1. This yields (4.46) for all k ≥ 1, and the statement of the Lemma follows.
We shall prove now statement (i) of Theorem 2.1. Assume, that T 1 = βt c for some β < 1. Hence, pT . Hence, w.h.p. the bootstrap percolation stops after the second expansion phase.
Assume now that n 2 p 3 ≥ h, and therefore τ > 1. We shall get first an upper bound in probability for τ . np ≫ n. One can choose an unbounded function h so that h = o(np), and for some K 0 = o(h)
Proof. Recall that by Lemma 4.4 for all k ≥ 1 given T k k l=1 T l > h we have
with probability at least 1 − O((np) −8/3 + h −1 ). Hence, for any K 0 we have
where the last equality is due to the assumption that h = o(np).
Let us now choose K 0 as follows. Assume that the relation (4.49) holds for all 1 ≤ k ≤ K 0 . By our assumptions we also have here
Hence, by Lemma 4.5 with c = 
for some α which satisfies condition (1 − α)α > cT 1 (see (4.44)). Notice, that here we can choose α < 2cT 1 = 2 10 1 − β
which together with (4.51) yields
as well as
This implies
Setting now
we have by (4.54) Finally, the last equality is satisfied for some h = o(np) if and only if log n log(pn) = o(np).
The assertion of the claim follows.
Proof of Proposition 4.2. Observe that for K 0 which is chosen according to (4.55) and, hence, (4.56), we have
Combining this with (4.50) we get P {τ > K 0 } − P {τ > K 0 + 1} = P {τ = K 0 + 1} ≥ 1 − K 0 O(h −1 ) P {τ > K 0 } , which yields
where the last equality is due to (4.53) and the fact that
for any fixed ε > 0. Now using the same argument as in (4.50) we derive from (4.65)
Making use of Proposition 4.2 we derive from here
Substituting the last bound into (4.64) we finally get
where the last equation is due to the property (4.57). This proves statement (i) of Theorem 2.1. Let us turn to the statement (ii) of Theorem 2.1. Under the conditions of Theorem 2.1 (ii), the process restricted to the subgraph G n,p percolates by the corresponding part (ii) of Theorem 3.1, [11] cited above. That implies A * = n − o(n). That proves (ii). This completes the proof of Theorem 2.1.
Proof of Theorem 2.3
We do not give here the whole proof of Theorem 2.3 but only a sketch of it with the necessary lemmas.
Suppose that the process almost percolates and denote A * the final set of activated vertices. We have then A * = |A * | = n − o(n). Let A † be the maximal set of vertices activated through G n,p edges only
If we denote A * 0 the final set of active vertices for the process restricted to G n,p then we have A * 0 ⊆ A † ⊆ A * . We have the advantage that A † is uniformly distributed on {1, . . . , n}.
Finally, the problem remains to finding the critical probability for bootstrap percolation in dimension 1 with threshold r = 2. We find the probability that there are not 2 consecutive inactive vertices. The idea is to consider pairs of vertices and notice that the state of vertices in disjoint pairs are independent and deal with the different cases of intersecting pairs.
Lemma 4.9. Let the vertices {1, . . . , n} be ordered on a circle. Denote q(n) the probability that a vertex is set as active. Consider the bootstrap percolation with threshold r = 2, then log n n , a coupling argument shows that we have complete percolation.
